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Abstract 

The objective of this paper is to find some inequahties satisfied by 
periodical solutions of multi-time Hamilton systems, when the Hamil- 
tonian is convex. To our knowledge, this subject of first-order field 
theory is still open. 

Section 1 recall well-known facts regarding the equivalence between 
Euler-Lagrange equations and Hamilton equations and analyses the 
action that produces multi-time Hamilton equations, emphasizing the 
role of the polysymplectic structure. Section 2 extends two inequali- 
ties of [21] from a cube to parallelipiped and proves two inequalityes 
concerning multiple periodical solutions of multi-time Hamilton equa- 
tions. 
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1 Multi-time Hamilton equations and polysym- 
plectic structure 

The paper studies the solutions with multiple periodicity of the Hamilton 
multi-time equations. 

A function u = {u^,...,u"') with many variables is multiple 

periodical with the period T = (T^, ...^T'^) G RF if 



u 



1 



where ki, ...,kp are integers. We consider the function u defined on the par- 
allelepiped To = [0,ri] X [0,r2] X ... X [0,TP] C R^, with values in ii". We 
will denote by T = {T^,...,Tp) e Rp. The existence of the weak gradient 
of the function u assures the multiple periodicity of the function u. We use 
the Hilbert space attached to the Sobolev space W^'^ of the functions 

ue {To, RJ") which have a weak gradient ^ e -^^ (^o, ^")- The Wirtinger 
inequality from this paper has a specific form because of the multidimensional 
character of the definition domain Tq. The inequalities from theorems 3 and 
4 constitute generalizations of some theorems of [5] , from the particular case 
p = 1 to an arbitrary p. 

The Euchdean structure on i?" is based on the scalar product {u, v) — 
SijU^v^ , and the norm \u\ — ^JSijU^uK The Hilbert space H]. is endowed with 
the scalar product 



{u, v) = U,u^ (t) (t) + 5^,5-^^ (t) ^ (t) ]dt'A...A dtp, 



and the corresponding norm y (tt, u) = \\u\\ . 
1.1 Multi-time Hamilton equations 

We consider the multi-time variable t = {t^, ...,tP) G Tq C Rp, the functions 
: RP ^ R , {t^, fP) — > a;' {t^, tP),i — 1, n , and the partial velocities 

Qx'' 

Definition 1 The PDEs 

d dL dL 

= — , i^l,...,n, a^l,...,p 



dt"' dxi^ dx' 

(second order PDEs system on the n-dimensional space) are called Euler- 
Lagrange equations for the Lagrangian 

L RP~^ P — ^ R, ^ : ^ \ — ^ L J 3/ , "^a^ 

The Hamilton equations in the multi-time case are obtained using the 
partial derivatives (polymomenta) 



a 
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and the Hamiltonian H = p'^x^ — L. If L satisfies some regularity conditions, 
then the system (1) defines a bijectivc transformation a;^ — > , called 
the Legendre transformation for the multi-time case. By this transformation 
we have 



dp? 
dH _ 



Pk 



, dxi 
dx^ 



'dpf 

dL_ _ 

dx' 



dxp dpf 

dL dx^ 
dx^, dx^ 



dL_ 

dx^ 



Consequently, the np + n Hamilton equations 



dx^ 
dPi 



dH 
dH 



(summation after a), i — l,...,n, a — are first order PDEs on the 

space i?""*"^", equivalent to the Eulcr-Lagrangc equations on R!^. 

There arc different point of views to study these equations which appear 
in first-order field theory (see [l]-[3], [8]-[10], [12]-[22]). In our context, we 
need of Hilbert-Sobolev space methods for PDEs ([4], [6], [11]). 

Let us write the multi-time Hamilton equations in the form 



^^^^dt-'^ dx^ 



^ 'dt^ dp^ 



0,i,j = l,...,n;a,P^ 



or 



where 



(5(8) J = 



3ii 

(5 ® ■/) ^ = -Vi/, 



du 
dt 



( dx^ \ 



VH 



dx^ 
dH 



V dpi ) 



(2) 



The operator 5 ® J is a polysymplectic structure acting on J{"-p+"-p^ with 
values in RP'^'^'p. The (l,2)-block 5^(5] acts hnearly by 5] and traccly by 5^. 
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The (2,l)-block —Sp6j acts lineraly both by dj and 5^. The operator 5 ® J 

d 

induces a multisymplectic PDE operator <S) J)-^^ which work as follows 



d 



X-' 



p 



Repeating we obtain the square 





Q ( divp 
(5® J)- dx 



-A'^A* 



df^ \ p. 



( ^vL \ 

d X? 



( dpl \ 
at" 

dx^ 



\ df'dtp ) 



-Ax' \ 
'dtf^dt-y J 



1.2 The action that produces multi-time Hamilton 
equations 

We consider a Hamiltonian H : Tq x R"- x K^p — > R, {t, u) ^ H {t, u) whose 
restriction H (t,-) is and convex. 

Theorem 1 [21] Let u = {x,p). The action ^, whose Euler- Lagrange 
equations are the Hamilton equations, is 



^ {u) = c(^t, u, dt^ A ... A dtP, 



where the scalar product is represented by the matrix 



Sij 







(standard Riemannian metric from i?""'""^^. 

Proof. Indeed, the Euler-Lagrange equations produced by 



P? 



-H{t,x{t),p{t)) 



can be rewritten 



Idpf _ 1 dpi dH . dpf _ dH 

and 

dx' dH 



df^ dpf 

2 Basic inequalities 

2.1 Wirtinger multi-time inequality 

In (To, K^) we use the scalar product 

{u, v)= [ (SijuV) dt^ A ... A dfP 



and the norm \\u^i2 — {u, u). Similarly, in (Tq, C*") we use the scalar 
product 

(u, v)^ {kju'v^) dt^ A ... A dt^ 



and the norm ||m||^2 = y ("U, u). 

Let us extend the Theorem 4.4 from [21] to the parallelipiped Tq. 

Theorem 2 Any function u from with mean zero satisfies the in- 
equality 

fmaxIrlV , 2 

dt^ A...AdtP. 



(max|r*| 

/ \u{t)f dt' A...AdtP < ^ ' / 
JTn 4 7r^ Jt, 



dt 



'To 4'^ J To 

Proof. We express the function u as the sum of a multiple Fourier series 
u{t) = (u' (t\. ..,u^ {t\...,tP)) 



5 



\jt,...,j^ezp 



ji,...jSeZP 

We calculate the square of the norm 

i) = y" (u (t) , i7(t)) dt^ A...AdtP^ 



[u,u 



+ 



If we denote 
and 



Cki,...,kp — (Cfei,...,fep, ■•■) C'^i.^..^^ 



^ i27r(|ttl+...+|^tp) 



(fei,-,fcp)ezp 

we find 

{u,u)= 

{ki,...,kp)ezp 

Similarly, we consider the scalar product 



dt' dt Jto dt^ dt^ 



dV A...AdtP. 
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It follows the square of the norm 



' du du 
di'di 



(,ki,...,kp)eZP 



...+ {q 



ki...kpj I 



{ki,...,kp)eZP 



k\ . . . k'p 



2 / 2^lk^ 



... + 



A?! . . . /i^p 



2 / 27rA;„ 



TP 



(ki,...,kp)eZP 



A/ 1 . . . 



47r2 



> 2 r^-T"^ 



k\ . ..hp 



{kl + ... + kl) 



> 



— 2 E T\..TP 



> 



47r2 



(max{r} 



-'To 



Consequently 



( max |r} I o 2 



at 



dt^ A ... A dt^', 



and this ends the proof. 
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2.2 An estimate of the quadratic form 

/ (s^J^,uit)]dfA...AdtP 

•'To \ Ot J 

Let us extend the Theorem 4.5 from [21] to the parallehpiped Tq. 
Theorem 3 For any u e Hip we have 

It ® "^f^ ' ^ ^^^) ^ ^ 



To 



dt 



df A ... A dtP. 



Proof. We denote u{t) = u{t) - u {t) dt^ A ... A dt^ .. By using; the 

Cauchy-Schwarz inequahty and the multiple periodicity of u we obtain the 
inequality 



It ® "^I^' " ^^^) ^ ^ 

/ ( 5 ® J^, u{t)+ [ u (t) dt^ A ... A ) dt^ A ... A 
JTo y ot JTo J 

= j^i^® J^, u (t) j (it^ A ... A dt^ 

+ [ \5®J^J u{t)dt^ A...Adtp]dt^ A...AdtP 
Jtq y ot JTo J 

^ It ® ^ ^^^) ^ ^ 



> 



2 ^ 2 

dt^ A ... Adt^ 



/ \u{t)fdt^ A...AdtP 

JTo 



From the inequality given by the Theorem 2 we have 
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To 



(mp{r} 



47r2 





du 


L 


dt 



dt^ A ... A dt^ 



(ma.{r} 



Because 



47r2 

2 







4 


at 



dt^ A ... A dt^. 





2 


5m 




< p 


at 


dt 



we obtain 



du 



\5® J—,u{t) dt^ A ...AdtP 

To V 5t / 



> - 



To 



5® J 



du 
di 



df A...AdtP 



^ max{r*} 



27r 



To 



max 



du 



>-Vp 



dt 



dt^ A...AdtP 



2ti Jto 





du 


L 


dt 



dt^ A ... A dtp. 



2.3 Inequalities satisfied by periodical solutions of multi- 
time Hamilton equations 

du 

Let us find properties of solutions of ((5 (g) J) — + V-ff (t, u(t)) — a.e. on 

dt 

Tq satisfying the boundary conditions 

u \s+= u Is-, 

were and S~ are opposite sides of the parallehpiped Tq. Practically, we 
refer to bounds for such solutions. 
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Theorem 4 We consider the Hamiltonian 

H : roXi?"+"^'^ R,(t,u) ^ H(t,u) 

like a measurable function in t for any u e i?""*""^, and convex in u 
any 

teTo^ [O, T^] X ... X [0, TP] C R^. 
If there exists the constants 



ae \ 0, 



,/3 > 0,7 > 0,6> 



such that 



5\u\+ (3 < H {t,u) < - \uf +-f 

2 



for all t & To and u e i?"^"^, then, any multiple periodical solution 
u = {xi,Pi),i = l,...,n,a= l,...,p, 

of the equation 



3u 

5^J— + VH{t,u{t)) = 0, 
at 



verifies the inequalities 





du 




dt 



A ... ^ < 2aifi^-f^.T' T' 
i: — a max | | 



/ \u{t)\dt^ 

J To 



A ... A dfP < 



S i TT — a max 



Proof. Prom the inequality 



we obtain 



S\uf - (3 < H {t,u) < ^\uf + -f 

-f3 <H {t, u) < a2-^ \uf + 7. 
10 



By applying [5, Proposition 2.2], considering F {u) = H {t,u), p = q = 2, 
V — VH {t, u) we obtain 

^ \VH {t, u)f < {VH {t, u),u) + P + r 

du 

Because u is the solution of the equation (3), we have Vi? {t, u) = —S<S> 

(-/V 

and the previous inequality becomes 



1 

2a 



ot 



( du \ 



(6) 



In the hypothesis' conditions, by integration of the inequality (6) we have 

2 

dt^ A...AdtP 







du 


2a 




dt 



^ X ('^ ® J^, u^ dt^ A...AdtP<{p + 7) T\..TP. 
By using the inequality from Theorem 3, we have 

, 2 



1 

2a J To 



VP max, {r^} 
2tt 



du 



dt 

2 



dt^ A...AdtP 



dt 



dt^ A...Adf < {/3 + -f)T\..TP. 



So 



1 ypmaxjr} 
2a 





du 




dt 



27r 

< {(3 + ^)T\..TP 



dt^A...AdtP 



and, as consequence 



Ito 



du 



dt 



dt^ A ... A df < 



2TTa (/3 + 7) T^...TP 



n — a max 
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By integration, the inequality 

5\u\-p< H{t,u) 

produces 

Sf \u(t)\dt^A...AdtP-(3T\..TP<[ H{t,u)dt^ A...AdtP. 

JTo JTq 

Because H {t, u) is convex in u, 

H (t, u)-H {t, 0) < {VH {t, u {t)) , u {t)) , 

we obtain 

/ H{t,u{t))dt^A...AdtP 
Jto 

[ [H {t, 0) + {VH {t, u {t)) , u {t))\ dt^ A ... A dfP 

JTo 

< ^T\..TP - (^S® J^, u (t) j dt^ A ... A dtP 



< 



< -fT\..TP + 



2tt 



To 



du 



dt 



df A...AdtP 



< jT\..TP + 



^max [t] 27ra (/? + 7) T\..TP 



By consequence 



/ \u{t)\dt^ A...AdtP 

JTo 



1 / v^max{r|n(/1 + 7) 

< - PT\..TP + -fT\..TP + '- — ^ \ T\..TP I , 

1 TT — amax |r*| ^ 



meaning that 



/ \u(t)\dt^ A...AdtP < 

JTo 



(/? + 7) T\..TP7r 
S (tt - Q;max|r*| ^yp 
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and the proof ends. 
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